Abstract. This paper is a contribution to the question for which simply connected Lie groups G the group algebra L
Recall that a Banach algebra A with isometric Involution a -> öf* is called Symmetrie if every element of the form a* a, a e A, has a real nonnegative spectrum. Several authors have investigated the question for which locally compact groups G the convolution algebra L 1 (G) is Symmetrie. Even for simply connected Lie groups G a necessary and sufficient condition (e.g. in terms of the Lie algebra of G) is not known. Let G = H S be the Levi decomposition of the simply connected Lie group G with semisimple H and solvable S. Then the compactness of H is a necessary condition for the symmetry of L 1 (G) (non-compact semisimple Lie groups do never have Symmetrie group algebras, [7] ). So, assume that H is compact. Then the symmetry of L 1 (S) is sufficient for the symmetry of L 1 (G), [13] . Therefore, before treating the general case one should first decide for which simply connected solvable Lie groups S the algebra L 1 (S) is Symmetrie. But at the moment, also this question seems to be too general. While for solvable Lie groups with polynomially growing Haar measure the answer is known (they always have Symmetrie group algebras, [14] ) the problem is not solved for exponential Lie groups. In this paper, I will give a partial solution, namely for the following class of groups. Definition 1. An exponential real Lie algebra g belongs to the class [£^] provided that there exists a semidirect decomposition g = s * n with a nilpotent ideal n and a commutative subalgebra s which acts by semisimple (i. e. diagonalizable in the complexification n c of n) derivations on n. Exponential means that the weights of s in n c are of 0075-4102/80/0315-0011$02.00 Copyright by Walter de Gruyter & Co.
the form (l H-it)u with real t and a real linear form α on s. The class of simply connected Lie groups whose Lie algebra belongs to [EA~\ is also denoted Remarks. If g is in [EA~] then in the above decomposition one may choose n to be the nilradical. -Suppose that the exponential Lie algebra g has the property that the (additive) Jordan decomposition is possible in the space ad (g) of linear transformations on g. Then g belongs to [E A]. For G e [£^4], I will give a necessary and sufficient condition for the symmetry of 1}(G\ This condition was created by Boidol in [2] to study the class "[*A1"> see § l and [3] . Besides simple algebraic considerations the proof that this condition implies symmetry requires only Satz l in [15] (see also Satz l in [13] or Corollary l to Theorem 2 in [17] ) which contains a method to deduce symmetry from the symmetry of group algebras of lower dimensional groups. But in § 5, I will give an example of a Symmetrie seven-dimensional exponential Lie group where the method of Satz l in [15] is not applicable to get symmetry. In fact, this group is the first example of a Symmetrie exponential Lie group where the symmetry-proof is not based on Satz l in [l 5]. § 1. For the convenience of the reader, I want to collect some known facts on symmetry and to introduce Boidols condition.
(A) (see [11] 
) An involutive Banach algebra A is Symmetrie ifffor every algebraically irredueible representation p of A in a Banach space E there exist a (topologically irreducible) *-representation π of A in the Hubert space £> and a non-zero intertwining operator from E in ξ>.
This characterization has especially consequences for group algebras of groups with central subgroups. Before stating the result, we first introduce the following notation. Definition 2. Let G be a Lie group with closed connected central subgroup Z, and let χ be a unitary character of Z. Then we denote by L 1 (G) x the algebra of all measurable functions /: G -> C with f(xz) = χ(ζ)/(χ) for (almost) all z e Z, χ e G, and J |/| < oo.
With this notation we have (B) (see [11] or [15] 
is Symmetrie for all unitary characters χ ofZ.
A slight modification of the proof of Theorem 3 in [13] together with (B) gives the following Theorem which is based on Satz l in [15] , for a more adequate formulation see Theorem 2 in [17] . In [3] , the class [t/0 of involutive Banach algebras was introduced (in [2] , these algebras are called *-regular): Let sf be such an algebra, and let j/ -> C* ( /) be the C*-hull of si. We denote by Priv*(s/), resp. Priv sH (C* («/)), the space of kernels of irreducible *-representations ofjs/, resp. C*(s/), with the Jacobson topology.j/ is *-regular if the induced map Priv^(C*(s/))-> Priv*^) is an homeomorphism. In [2] , the class of exponential Lie groups G with *-regular group algebra is determined. Let (ii) Suppose that a is twodimensional, a = C, and g acts on a by multiplication with a(X) (l -f ii), Xe g, for some real /ΦΟ and some non-zero real functional a on g. / is inductive iff f\ c is inductive.
Proof. Let n be the nilradical of g, n is also the nilradical of c. Let g be the restriction of/to c. We claim that c(g) = a + g(/). The inclusion α-f g(/)^ c(g) is obvious since g(/) is contained in c. For the other inclusion we select an Feg\c. Let X be an element of c(g), i.e. Moreover, we will need the following obvious lemma. 
Corollary. Let G be a group in \_E ] with the proper ty t hat every real functional on the Lie algebra ofG is inductive. Then L 1 (G) is Symmetrie.
Proof. The Corollary is an immediate consequence of the Theorem. We prove the Theorem by induction on dimg/3. For dimg/3 = 0 there is nothing to show. Suppose dimg/3>0. W. l.o.g. we may assume that the kernel of c is zero: if not, we substitute the admissible triple (g, 3, c) by the admissible triple (g/ker(c), 3/ker(c), c'); the algebra L 1 (G) x corresponding to the triple (g, 3, c) is isomorphic to the algebra which corresponds to the new triple. -We distinguish two cases. 
3. α is twodimensional and non-central. Since α is minimal and g is an exponential
Lie algebra, G acts on α s described in (C), (ii). As in the case 1. 2 above, one can show the symmetry of L l (G) x using Lemma l, Proposition l, and (C), (ii).
Case 2. dim3=l and 3 is contained in every non-zero ideal of g. Here, we really use the assumption that g is in [£^4] . Let g = s κ n be a decomposition s in Definition 1. Select a functional / on g with /| 8 = £ΦΟ and with the property that ker/® 3 is an s-invariant decomposition of g. Then g(/) contains s, and we find i(/) = g (see the Remark after Definition 3). If f(/)°° = g 00 = 0 then g is nilpotent and L l (G) x is Symmetrie by [14] of [15] . If ϊ(/)°°φΟ then 3 is contained in f(/)°° and/is not inductive which is a contradiction to the assumptions. §3. In this paragraph, we prepare the proof of the opposite direction of the Corollary to Theorem l . What we will really show in §4 is the following: If there exist non-inductive functionals then the group algebra is nonsymmetric. Here we give a more general (representation theoretic) criterion for nonsymmetry. · Then a->f a = q*g a *q is a holomorphic function from C into L 1 (G); the equality π(^)Ι7 α = (7 α π α (/) holds (on suitable domains) for 0 < Rea < l and, consequently, we get τ β (/) = r t
We claim that α -> τ α (# * g * #) is not constant for some g = g* e C C (G). Suppose to the contrary that it is constant for all these functions. Then it follows that for all g e L 1 (G) and all a, 0<Rea<l, especially for Rea = |. In this case Ε Λ is a Hubert space, and we have τ α (# * g * 9) = Oa(<7 * g * q) ζ*, O = <7T a (g) ξ Λ , ξ*> = <n(g) ξ, Ο· The last equality implies that all the irreducible unitary representations π α are unitarily equivalent to π. Since U a is the unique intertwining operator between the irreducible representations σ α and σ, it has to intertwine also π α and π. But it is easy to see that this is not the case because χ is not trivial.
We have shown that there exists a g = g* e C C (G) such that α -» τ α (# * g * g) is a non-constant holomorphic function in 0<Rea<l. This function assumes also non-real vahies, we find a /?, 0<Re/?<l, such that ? (q * g * q)ifR. Therefore, τ β is a nonhermitean multiplicative functional on j/. Hence $/ and, consequently, L 1 (G) is not Symmetrie. § 4. Here, we want to establish the assumptions of Theorem 2 in the case that G e [EA] and that there exist non-inductive functionals on the Lie algebra of G. We start with the following purely algebraic Lemma.
Lemma 2. Let Q be a Lie algebra in [E ], let n be the nilradical of g, and let 3n be the center of n. Suppose that there exist non-inductive real functionals on g and that all real functionals on all proper quotients of Q which belong to [EA] are inductive. Then 3n is an irreducible Q-module, and the centralizer of$n is not nilpotent.
Proof. 3tt is a semisimple g-module, let be the decomposition of jn into root spaces, i.e. A is a set of complex-valued linear functionals on g, and an Xe g acts on F A by multiplication with λ(Χ) (if λ is not real one can introduce on Υ λ the structure of a complex vector space). From the minimality of g (together with Lemma 1) it follows:
(ii) If/is a non-inductive functional on g then/(J^) ΦΟ for all λ e Λ.
Let c(= Π ker/l) be the centralizer of 3n in g. By (i), (ii) and repeated use of λεΛ Proposition l we get (iii) If/is a non-inductive functional on g then f\ c is not inductive. Especially, c is not nilpotent. Let c°° be the smallest ideal in c such that c/c°° is nilpotent, c 00 is a non-zero ideal in g, hence jn n c°° Φ 0, and we find a λ e Λ with Υ λ a gn n c°°. 9 and the proof of Lemma 2 is finished.
Hence g is not inductive. But then also / is not inductive (if A = 0 this is obvious; if /ΙΦΟ we use Proposition l ). From (ii) it follows that Λ = {λ}

Theorem 3. Let G be a group in \_EA~] with Lie algebra g. If there exist non-inductive real functionals on g then (G) is not Symmetrie.
Proof. Let n be the nilradical of g, let 311 be the center of n, and let g = * κ η be a decomposition s in Definition 1. By Lemma 2, we may assume that 3 n is an irreducible g-module. Moreover, let g = w 0 311 be an s-invariant decomposition of g. The proof of Lemma 2 shows that if / is a functional with f(w) = 0 and /(jn) φ 0 then / is not inductive. We fix such an/ Let c be the centralizer of 311, and let g=f\ c . g is also not inductive, in fact we have c(g) + n = c.
It was shown in [2] (for arbitrary non-inductive functionals on exponential Lie algebras) that there exist a Vergne polarization p for g and a subalgebra l), p c I) c c, such that Y-»Trace c/i) ad(F) = Trace g/i) ad(F) is a non-zero functional on i). Since this functional vanishes on n n i) there exists an extension δ of this functional to g vanishing on n. Let χ: G-+IR+ be the corresponding real character, i.e. %(exp y) = e w . Moreover, let Z N, P, H, C and 7V denote the subgroups corresponding to 311, p, i), c and n, respectively, let g 0 = kero and Go = ker#. Let the unitary character η on P be defined by w(expF) = e iff(y) , and let p = indf/ be the induced representation. On X=G/H there ΡΪΗ exists a quasi-invariant measure μ s in Theorem 2. We claim that p and H satisfy also the other assumptions of Theorem 2, i.e. the restriction σ of π = ind ρ =ϊηάη to G 0
HtG
PtG is irreducible, and σ(Ζ/((? 0 )) contains non-zero operators of finite rank. First we note
Journal f r Mathematik. Band 3 15 18 that π is irreducible because p is a Vergne polarization for /, too, which follows from the fact that g(/) is contained in c. Now, we distinguish the following three possibilities for the g-module 3n.
Case 1. dim3n=l, and jn is central in g. In this case, we have c = g, /=g, and g(/") + n = g. The last equality implies that even the restriction τ of n to 7Vc:G 0 is irreducible (compare [2] , in fact this is more or less obvious from the construction of the irreducible representations of exponential Lie groups). Since τ (L 1 (N)} contains operators of finite rank, see e. g. [18] , the same is true for σ (L 1 (G 0 )). [17] . Let pel}(R, U) be an hermitean projector of rank one. Since the image of every irreducible *-representation of A consists of compact operators it follows from [17] that τ (p * B * p) is contained in the compact operators. But then the same is true for τ (Β) because B*p*B*p*Bis dense in B. Now, I want to establish the existence of finite rank operators in the image of τ. To this end, I will use ideas which I learnt when studying [12] . By [5] ,/| b -f n 1 is contained in (/| b ) because the stabilizer of /| b in D is contained in N. Using this fact it follows from [2] : If γ is another irreducible *-representation of L 1 (D) with kericikery then keri^czkery^ where γ# (resp. τ*) denotes the extension of γ (resp. τ) to the C*-hull of L 1 (D) . From this fact we get very easily the following: Let B-* C*(B) be the C*-hull of 5, and let τ' be the restriction of τ to B. If γ is another irreducible *-representation of B with keri'cikery then kert^ciker^ where γ^(τ^) denotes the extension of But C*(5)/kerT^ which is isomorphic to the algebra of compact operators has precisely one irreducible representation. Therefore, also Β' = Β/^ττ' has precisely one irreducible *-representation. Moreover, B (see [17] , A is Symmetrie by [15] ) and, consequently, B' are Symmetrie algebras. Then it follows from Raikovs Theorem, see e.g. [20] ,that
where V B , denotes the spectral radius. This fact implies by Proposition 2. 5 in [6] that the spectrum Sp B >(x) of x = x* E B' coincides with the spectrum of the operator τ'(χ). By the way, this equality of spectra can also be proved more or less directly by using (A) of § l instead of Raikovs and Hulanickis Theorem. Now, choose an h = h*eB' such that A>0 is the largest eigenvalue of the compact operator τ' (h), and let Γ be a small positively oriented circle in the complex plane around λ such that there is no eigenvalue of τ '(Α) οη Γ or in the interior of Γ except λ. Moreover, the triple R, A, U satisfies the assumptions of [17] . As in case 2, we see that τ' (B) consists of compact operators, that B' = 5/ker τ' has only one irreducible *-represensation, and that B' is a Symmetrie algebra. From these data it follows, s in case 2, that τ' (Β) contains non-zero finite rank operators. § 5. In the preceding sections, I have shown that for a group G in \_EA~\ symmetry and *-regularity of L 1 (G) are equivalent. It is very natural to ask whether one can extend this result (at least) to all exponential Lie groups. By Theorem 2 (and Boidols results) the implication : L 1 (G) Symmetrie => I}(G) *-regular, is proved if one can show that the image of every irreducible *-representation of the group algebra of an exponential Lie group contains non-zero operators of finite rank. But I don't know whether this is true or not. -I believe that the opposite implication : G exponential, L 1 (G) *-regular => L 1 (G) Symmetrie is much harder. I want to "prove" this believe by an example. While one could prove: G e [£^4], i 1 (G) *-regular => L 1 (G) Symmetrie, only by using Satz l in [15] (and derived results), in this paragraph I will give an example of a seven-dimensional exponential Lie group G with Symmetrie and *-regular group algebra where the symmetry cannot be deduced from Satz l in [15] . So, the example shows that it requires new methods if one wants to prove: G exponential, L 1 ((/)*-regul r => L 1 (G) Symmetrie. In the example, we get the symmetry by using the fact that the group contains the Heisenberg group s a normal subgroup; in this case we can applySatz l in [16] .
The example is the following: Let the real seven-dimensional Lie algebra g with basis A i9 A 29 X i9 X 2 , YI> ^2* % be defined by For trivial χ, L}(G} X is just the group algebra of G/C which is Symmetrie because the commutator subgroup of G/C is abelian (see (D) in [16] ).
So, let us suppose that χ is non-trivial. Let M be the normal subgroup of G whose Lie algebra is generated by X 29 Y 2 and Z. The adjoint algebra I}(G) b x (see [9] or [10] ) contains ϋ(Μ} χ (which is defined analogously). In Ι}(Μ) χ9 there is a lot of hermitean projections of rank one (in fact, they span a dense ideal), see e.g. [13] . Let p be one of these projections. By the Lemma in [15] , L*(G) X is Symmetrie iff p * I}(G) X *p is Symmetrie. In [16] , Satz l, the latter algebra is computed: Let the real five-dimensional Lie algebra! with basis A l9 A 29 X 9 for some non-zero real functional^ on ΐ vanishing on A i , X, Fand Z.
We apply Satz l in [16] again. Let N be the normal subgroup of K whose Lie algebra is generated by Χ, Υ and Z. Ιϊ(Ν} χ is contained in L l (K) for some non-zero real functionalsyi andy^ on i) with
Now, it remains to show (after certain normalizations) the following Proposition. 
